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A REMARK ON INFINITE INITIAL VALUES FOR
QUASILINEAR PARABOLIC EQUATIONS
PETER LINDQVIST AND MIKKO PARVIAINEN
Abstract. We study the possibility of prescribing infinite initial
values for solutions of the Evolutionary p-Laplace Equation in the
fast diffusion case p > 2. This expository note has been extracted
from our previous work. When infinite values are prescribed on the
whole initial surface, such solutions can exist only if the domain is
a space-time cylinder.
We are interested in a violent initial value problem for the Evolu-
tionary p-Laplace Equation
∂u
∂t
= div(|∇u|p−2∇u), p > 2,
in a cylindrical domain ΩT = Ω× (0, T ), where Ω is an open connected
domain in the Euclidean n-dimensional space Rn. We study the slow
diffusion case p > 2. For p = 2, the equation is the heat equation
∂u
∂t
= ∆u,
but the phenomenon we describe is impossible for the heat equation.
The objective of our note is the possibility of prescribing infinite
initial values in some subset E of Ω, i.e.
lim
t→0+
u(x, t) =∞ at every x ∈ E. (1)
We assume that u ≥ 0 and do not mind the boundary values at
the lateral boundary ∂Ω × [0, T ], since they now play a minor role
in comparison to the violent effects of the ∞ initial values. The so-
lutions are defined as weak solutions belonging to the Sobolev space
L
p
loc(0, T ;W
1,p
loc (Ω)) or even to L
p
loc(0, T ;W
1,p(Ω)), and they are contin-
uous in ΩT . See for example [DiB93] or [KLP16, Definition 5].
We have detected a strange phenomenon, which can be described as
follows.
Date: November 29, 2018.
2010 Mathematics Subject Classification. 35J92, 35J62.
Key words and phrases. Friendly giant, parabolic p-Laplace equation.
1
2 LINDQVIST AND PARVIAINEN
• If the n-dimensional Lebesgue measure |E| > 0 of E is strictly
positive, then E = Ω.
• There exist solutions, if E = Ω and Ω is bounded.
• There is no solution, if Ω = Rn and |E| > 0.
To spell it out, the condition that
lim inf
t→0+
u(x0, t) <∞
at a point x0 in Ω is incompatible with the condition that (1) holds in
a set E of positive n-dimensional measure. In the case when Ω is the
whole space Rn, the global restriction that u ≥ 0 is decisive.1
We remark that if Ω is bounded and regular, then there exists a
separable solution of the form
V (x, t) = t−
1
p−2U(x) (2)
where U ∈ C(Ω), U > 0 in Ω and U |∂Ω = 0. The function U solves the
auxiliary equation
div(|∇U |p−2∇U
)
+ 1
p−2
U = 0.
The function V can serve as a minorant: every other solution u ≥ 0
with E = Ω, the lateral boundary values of which are not necessarily
zero, has to grow faster than V . That is
u(x, t) ≥ t−
1
p−2U(x) in ΩT .
Proposition 1. If a weak solution u ≥ 0, satisfies
lim
t→0+
u(x, t) =∞
at every point x in a set of positive n-dimensional measure, then the
limit is infinite at each point x ∈ Ω. Moreover,
lim inf
(x,t)→(x0,0)
[
t
1
p−2u(x, t)
]
> 0 (3)
at every point x0 in Ω, and of course (x, t) ∈ ΩT .
The case |E| = 0 remains. For example, the celebrated Barenblatt
solution for t > 0
B(x, t) = t−n/λ
{
C −
p− 2
p
λ
1
1−p
( |x|
t1/λ
) p
p−1
} p−1
p−2
+
, (4)
1Otherwise one can construct an odd periodic extension of U , first defined in the
box Ω = [0, 1]× · · · × [0, 1], to the whole Rn. The corresponding V will do as an
example.
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where λ = n(p− 2) + p, the constant C > 0 can be chosen freely, and
{·}+ means max{·, 0}, exhibits that it is possible that E consists of a
single point: E = {(0, 0)}. We have that B(x, 0) = cδ0 (Dirac’s delta)
in the sense that
lim
t→0+
∫
Rn
B(x, t)φ(x) dx = cφ(0)
for all test functions φ ∈ C∞0 (R
n). In general, the question about
whether there exists a Radon measure µ such that ’u = µ’ as t = 0
has drawn much attention, see for example [AC83, BCP84, DK84] in
the case of the porous medium equation. It is clear that no σ-finite
measure will do in the case E = Ω, since (3) holds. However, if |E| = 0
this is possible. The initial values can even be prescribed as a Radon
measure, see [DH89] and [KP09].
Finally, we mention a surprising result, when the domain is of the
form
ΩΨ = {(x, t) : x ∈ Ω, Ψ(x) < t < T}
where Ψ is a given smooth function. Assume now that
lim
(y,τ)→(x,Ψ(x))
u(x, t) = +∞
at every point x ∈ Ω, where of course (y, τ) is in ΩΨ. Indeed, such a
solution does not exist, except when Ψ(x) ≡ constant. Then we are
back to the case Ω×(0, T ). Infinite initial values cannot be prescribed on
a whole surface in the (x, t)-space which is not a timeslice t = constant.
It is arresting, that not even a domain restricted by a hyperplane
t0 + a1x1 + . . .+ anxn < t < T, |x| < 1,
is possible, except when a1 = . . . = an = 0.
For the proof we let x0 ∈ Ω be a point such that a small ball B =
B(x0, r) is divided by the smooth level surface C0 = {x ∈ Ω : Ψ(x) =
Ψ(x0)} into two pieces, say B
+ = {x ∈ B : Ψ(x) > Ψ(x0)} and
B− = {x ∈ B : Ψ(x) < Ψ(x0)}. Then let ω = ω(x) be the solution of
the elliptic problem
∆p ω = 0 in B
− and ω =
{
0 in B− ∩ ∂B
1 in C0 ∩B.
(If desired, we may round off the boundary values so that the value 1 is
prescribed in a smaller set, yet one of positive area). On the parabolic
boundary of the domain
Ψ(x) < t < Ψ(x0), x ∈ B
−
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we have u(x, t) ≥ kω(x) for any constant k. By the comparison prin-
ciple, see [KL96] and [BBGP15, Theorem 2.4], the inequality u(x, t) ≥
kω(x) holds in this domain. Sending k to ∞ we obtain that u ≡ ∞ in
an open set of Rn+1. This contradicts the continuity of u.
For the Porous medium equation
∂u
∂t
= ∆(um), m > 1,
a similar theory is valid. The separable solution corresponding to (2)
is called ’the friendly giant’ by Dahlberg and Kenig [DK88], see also
Vazquez [Va´z07, p. 111].
As mentioned above, most of this note has been extracted from our
work [KLP16]. For more recent related works, see [KL16, KLLP, PV].
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